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Introduction and summary
In this paper, which is a sequel to Appendix B in [1] , we shall consider the computation of the disc partition function for the AdS 5 × S 5 superstring Z = e −Γ , Γ = Γ 0 + Γ 1 + ... for the euclidean minimal surface of ending on k-wound circle at the boundary. Here the expansion is in inverse powers of the string tension T = √ λ 2π and we will be interested in first subleading (1-loop) correction Γ 1 .
The string partition function should be representing [2, 3] the expectation value W of the circular Wilson loop in k-fundamental SU (N ) representation in dual N = 4 SYM theory taken in the limit N → ∞ and then expanded in large 't Hooft coupling λ for fixed k. The well-known exact expression for W in the planar approximation gives [4, 5, 6, 7] Assuming that the planar k-fundamental circular Wilson loop is indeed represented by the open string path integral in AdS 5 × S 5 with the boundary condition that the disc-like world sheet ends on k-wound circle at the boundary the corresponding minimal surface in, e.g., AdS 3 with the metric ds 2 = z −2 (dr 2 + r 2 dφ 2 + dz 2 ) is described by φ = kτ , z = tanh kσ , r = cosh 2 kσ , z = 1 − r 2 ,
where τ ∈ (0, 2π) , σ ∈ (0, ∞). Then the induced metric is
(1.5)
For k = 1 this is the usual AdS 2 metric but for k = 2, 3, 4, ..., it has a conical singularity at ξ = 0 with negative deficit δ = 2π(1 − k), i.e. this is a cone of AdS 2 . The corresponding classical action is proportional to the regularized AdS 2 volume. To recall, the euclidean AdS 2 space in Poincare coordinates ds 2 = z −2 (dx 2 + dz 2 ) with boundary being a line R is not equivalent to H 2 = AdS 2 in angular coordinates ds 2 = dξ 2 + sinh 2 ξ dϕ 2 with boundary S 1 ; in particular, their regularized volumes are different
Here we set the AdS 2 scale to 1, → ∞ is the length of the boundary of AdS 2 and → 0 is a radial IR cutoff. As a result, the renormalized classical string action for (1.5) is Γ 0 = −k √ λ which matches the value ofΓ 0 in (1.3). This suggests that the prescription to use the regularized volume of AdS 2 is a required part of definition of string theory partition function in the context of AdS/CFT.
The starting point to compute Γ 1 is the general form of the AdS 5 × S 5 superstring one-loop correction [8, 9] 1
(1.7)
In the simplest cases of minimal surfaces with symmetric-space induced metric (like AdS 2 spaces of straight line and circular loop) it is natural to preserve this symmetry in the loop computation till very end, i.e. not to introduce radial cutoff directly on contributions of individual modes [8, 1] . Then, as standard for determinants on a symmetric spaces [10, 11, 12] they can be computed using heat kernel technique (utilizing in an essential way the unbroken global symmetry) and the final expression will be proportional to the space volume factor for which we should use its renormalized value in (1.6). For example, in the straight line case the classical action and loop corrections will be proportional to the volume of AdS 2 with boundary R which has zero renormalized value in (1.6) and should thus be assumed to vanish [8, 13] , in agreement with W = 1 on the gauge theory side.
Such heat kernel based computation of (1.7) in the k = 1 circular loop case gives (using that the renormalized V AdS 2 = −2π) [8, 1] 
(1.8)
The same expression was found in [13] using a different (Gelfand-Yaglom) method to compute the determinants with the radial IR cutoff implemented explicitly on modes and all power divergences dropped in the final expression. The same method applied to the k > 1 case led to the following generalization of (1.8) [13] 
This expression does not match the gauge theory resultΓ 1 in (1.3). The third ln √ λ term in Γ 1 may be attributed to the presence of the string tension normalization factor for the three (Mobius-symmetry) ghost zero modes on the disc [5] , which was not included in (1.7) and thus are 2d Laplacians defined on scalars and spinors respectively. R is the curvature of 2d metric equal to −2 in the case of AdS2 of unit radius.
should be absent in (1.8), (1.9) . 2 The remaining difference may be coming from a numerical factor in normalization of the disc zero modes or from the ratio of the ghost and the two longitudinal mode determinants (assumed [8] to be equal to one in (1.7)) once they are computed with proper boundary conditions (cf. [14] ).
Below we shall ignore these open issues and aim at just deriving the analog of (1.9) in the heat kernel approach of [8, 1] . Explicitly, we will find that
Here the terms with e −y and e −3y are the contributions of the scalar factors under log in (1.7) and the term with e −2y -the contribution of the spinor factor. For large k the integral I(k) is well approximated by a straight line, I(k) = c k + ..., c = 1.077. This result for Γ 1 with k > 1 is thus different from (1.9) of [13] and also different from the simple gauge-theory expression ∼ ln k in (1.3).
Here we will not attempt to understand the difference with (1.9), concentrating on developing technical tools required for derivation of (1.11) that may have other potential applications. The main issue is to find scalar and fermion heat kernels on the cone of AdS 2 in (1.5). Let us mention also that another possible application of the above partition function is to computation of Rényi entropy on AdS 2 (see [15] ).
It will be useful to replace k in (1.5) by an arbitrary real number κ and set κ = k only at the end. Then if we take κ to be equal to 1/n with an integer n the metric (1.5) becomes that of an orbifold AdS 2 /Z n (with a conical singularity of positive deficit) and the corresponding scalar or fermion heat kernel can be found as a sum over images [16, 17, 18] . This special case of κ = 1/n will thus allow us to check the general κ expressions for heat kernels.
In the case of a cone of a 2-plane ds 2 = dξ 2 + κ 2 ξ 2 dτ 2 with a general κ the scalar Laplacian heat kernel can be found using "re-periodisation" trick (or Sommerfeld formula) [19] and the same idea applies also to the construction of heat kernel on the cone of AdS 2 with generic κ [16] . We shall present a detailed derivation of the expression of [16] for the scalar heat kernel in section 2.
The analogous construction for the spinor heat kernel can be given using the result [20, 21] for the regular AdS 2 and generalizing the examples of cones of 2-plane and 2-sphere in [22, 23] . We shall present it in section 3. This will be our main new technical result. As a check, we shall match the small t expansion of the spinor kernel with the general form of asymptotic expansion of spinor heat kernel on a conical singularity in [24] and also show that in the special case of κ = 1/n corresponding to AdS 2 /Z n orbifold it agrees with the result in [18] .
In section 4 we shall use the results for the scalar and spinor heat kernels to compute the determinants in (1.7) deriving (1.11) and comparing it to (1.9).
In Appendix A we shall review the derivation of the Sommerfeld formula for heat kernels of 2d scalar and spinor Laplacians on a manifold with a conical singularity. In Appendix B we shall present the derivation of the phase factor matrix U in the AdS 2 spinor heat kernel in (3.1).
In order to compute the 1-loop partition function (1.1),(1.7) we need to know the traces of heat kernels of the scalar and spinor Laplacians on the cone of AdS 2 with an arbitrary deficit δ = 2π(1 − κ) (we shall denote this space as AdS 2κ ). In the regular AdS 2 case we have
Here K is the trace of heat kernel which on symmetric space is a product of (regularized) volume and heat kernel at coinciding points.
In this section we will review the computation of the heat kernel K of the scalar Laplacian ∆ 0 = −∇ 2 0 + m 2 on AdS 2κ using the Sommerfeld formula, rederiving the expression for it given in [16] . We shall check the consistency of the result in the special case when κ = 1/n with integer n by comparing it with the scalar heat kernel on the orbifold AdS 2 /Z n .
The generalization of the scalar heat kernel on regular AdS 2 to the case of AdS 2κ can be constructed using the Sommerfeld formula [19] as reviewed in Appendix A. The starting point is the expression for the untraced heat kernel of the scalar Laplacian on the regular AdS 2 [10, 11]
Here d(x, x ) is the geodesic distance between the two points x = (ξ, φ) and x = (ξ , φ ) of AdS 2 in polar coordinates
According to the Sommerfeld formula, the traced heat kernel in presence of a conical singularity when φ ∈ (0, 2πκ) is given by 3
(2.10)
Here K(z; t) is the integrated heat kernel with points separated by z along angular direction only. The contour Γ on the complex plane is made of two vertical lines going from −π + i∞ to 3 The AdS2 scalar heat kernel has also an alternative representation
. −π − i∞ and from π − i∞ to π + i∞ (see Appendix A). The geodesic distance d(ξ, z) between the points (ξ, φ) and (ξ, φ + z) is given by sinh d(ξ, z) = | sinh ξ sin z 2 |. In (2.10) we used that for regular symmetric AdS 2 space the heat kernel does not depend on coordinates at coinciding points. Note that the IR divergence regularized by V AdS 2 → −2π will be present only in the first "AdS 2 " term K(0; t) in (2.6), while the second integral term will be finite.
To
dy y e − y 2 4t
Now we interchange the integration limits
dv, and integrate over v using
. Then integrating by parts one finds that
Changing the variable y → 2y we finally get
According to (2.6), the scalar heat kernel on cone of AdS 2 is thus given by
dz F (z; y, κ) , (2.14)
For κ = 1 the function F (z, y; κ) becomes 2π periodic in z, and due to the structure of the contour Γ, this leads to the vanishing of the integral contribution.
To evaluate the contour integral we use the residue theorem. The two vertical lines (−π + i∞, −π − i∞) and (π − i∞, π + i∞) surround one pole of cot Finally, the scalar heat kernel on AdS 2κ is given by
which is the same expression as given in [16] .
The integral vanishes for κ = 1, i.e. K κ=1 (t) = K AdS 2 (t). It is obviously convergent at y → ∞ and also at y → 0 since coth y κ −κ coth y sinh y y→0
. The special case of κ = 1/n corresponds to the Z n orbifold of AdS 2 which is obtained by identification φ = φ + 2π n . The analog of the Sommerfeld formula for orbifolds is equivalent to the summation over images expression discussed in [18] . There it was found that the small t expansion of the heat kernel for a massless scalar Laplacian on AdS 2 /Z n is given by
To compare to the general expression (2.19) we need first to set there m = 0 and expand for small t. Changing the variable y → √ t u we get for t → 0 
Here U (x, x ) is a 2 × 2 matrix acting on the AdS 2 spinor bundle and satisfying the equation of the parallel transport along the geodesic connecting the two points (x, x ):
Here the derivatives are taken with respect to the point x and n µ (x, x ) is the tangent vector to the geodesic. The general structure of U (x, x ) on hyperbolic spaces was not spelled out in the literature. As we show in Appendix B in the present case of AdS 2 in polar coordinates (2.4) it is given by (σ 3 is the Pauli matrix)
We can now apply the fermionic version of the Sommerfeld formula (see Appendix A) to obtain the heat kernel of the spinor Laplacian on the cone of AdS 2 (cf. (2.6),(2.7))
Here K(x, x ; t) = K(ξ, ξ , φ, φ ; t) is the fermionic kernel in the regular AdS 2 case in (3.1). 4 The contour Γ is the same as in the scalar case in (2.6) (see Appendix A).
To compute Tr K(z; t) in (3.5) we integrate over the angle and after a change of variables
Interchanging the integration limits as explained below (2.11) we get as in (2.11). As a result
Integrating by parts in the remaining integral over y in (3.10) one can put it into the form
Changing the variable y → 2y gives
4 The trace of the AdS2 Majorana spinor heat kernel has also an alternative representation
Note that in contrast to [1] here we do not include the fermionic statistics minus sign in the definition of the fermionic heat kernel, accounting for this sign explicitly when combining the bosonic and fermionic contributions below.
so that (3.4) takes the form (cf. (2.14)) (z, y; κ) becomes the same as F (z, y; κ) in (2.15) in the scalar case, so that the second integral term vanishes because of the structure of the contour Γ.
It remains to evaluate the contour integral using the residue theorem. As in the scalar case, the contour Γ contains one pole of at z = 0 and two imaginary poles z = ±2iy of
Finally, the spinor heat kernel the AdS 2κ is given by
The integral term here vanishes at κ = 1 and is convergent at both y → ∞ and y → 0 where
To check (3.17) we may compare its small t expansion with the asymptotic expansion of spinor heat kernel in the case of a general curved manifold with a conical singularity derived in [24] . Setting m = 0 in (3.17) and changing y → √ t u we get 18) so that expanding in small t gives 19) in agreement with general expressions in [24] . As in the scalar case, we may also match (3.19) with the small t expansion of the the massless spinor heat kernel on AdS 2 /Z n in [18] corresponding to the special case of κ = = 1) in (1.7) and (2.1) we get
2)
H(t, y; κ) = 1 sinh y (5e
t + 3e
t ) coth y κ − κ coth y + 16e
Here we isolated the contribution κ Γ 1 (1) of the first (AdS 2 ) terms in (2.19) and (3.17) where Γ 1 (1) given by (1.8) was already computed in [1] . The first term in the bracket in H is the combined contribution of 5+3 scalars and the second term is the contribution of 8 fermions (taken with the minus sign as required in (1.7) ). Both vanish for κ = 1, i.e. H(t, y; 1) = 0.
The proper time integral is actually convergent at t → 0 as one can see from the small t expansion of the heat kernels in (2.21) and (3.19) or directly from (4.2),(4.3) after setting
The resulting cancellation of 2d UV divergences in (4.2) is an important check of the consistency of this result as the (non-trivial part of the) 1-loop correction in AdS 5 × S 5 superstring should be finite on generic 2d background [8] .
We can thus remove the proper-time (UV) cutoff ε in (4.2) and compute the finite integral over t (keeping t and y as integration variables and using that This integral is convergent at both y → ∞ and y → 0 as for small y the integrand goes as
It is not clear how to compute the integral (4.5) analytically. For some integer values of κ it is given by a combination of values of the Riemann ζ-function and polygamma functions, but we could not find an interpolating expression. It is of course straightforward to evaluate it numerically and conclude that for κ = k = 1 it is different from the earlier result (1.9) of [13] and also from the gauge-theory 3 2 ln k behaviour in (1.3). We illustrate the difference between Γ 1 (k) in (4.1) and Γ 1,KT (k) in (1.9) in Figure 1 . For large κ we find that Γ 1 grows linearly, Γ 1 (κ 1) → 1.077κ, while for small κ we get Γ 1 (κ → 0) → −0.15κ −1 . 
A Heat kernels of Laplacians on 2d cone
Let us consider a 2-dimensional space with a radial coordinate ξ and a polar angle φ of period β = 2πκ with metric near ξ = 0 being ds 2 = dξ 2 + ξ 2 dφ 2 so that there is a conical singularity with angular deficit δ = 2π − β = 2π(1 − κ). Given the expression for the heat kernel of a scalar or spinor Laplacian on a regular manifold (κ = 1) it is possible to derive its counterpart on the space with κ = 1 using so called Sommerfeld formula [19, 24] . We shall review this construction below.
A.1 Scalar case
Let us consider first the case of flat 2d cone
To construct the heat kernel for ∆ = −∂ µ ∂ µ on this cone it is sufficient to consider the two points x(φ) = (ξ, φ) and x(0) = (ξ, 0) separated only in the angular direction by angle φ. The starting point is the heat kernel for κ = 1, i.e. on a regular R 2 plane, where we have for K(x, x ; t) = x|e −t∆ |x K(x(φ), x(0); t) ≡ K 0 (ξ, φ, ξ, 0; t) = 1 4πt e Since this is a smooth function of φ, we can rewrite it using the Cauchy representation:
K(x(φ), x(0); t) = 1 2πi C dz z − φ K(x(z), x(0); t) , (A. 3) where C is a contour in the complex plane which encircles the point z = φ. Now let us deform C to a family of contours A n , n = 0, ±1, ±2, ...., where A n goes from (2n + 1)π − + i∞ to (2n − 1)π + + i∞ in the higher half plane and from (2n − 1)π + − i∞ to (2n + 1)π − − i∞ in the lower half plane one. Then the heat kernel can be expressed as the "sum over images"
K(x(φ), x(0); t) = 1 2πi 
